Hierarchies of equations have been derived for the Legendre transform of the energy functionals of the density-functional theory. As an application, the Thomas-Fermi and the Thomas-Fermi-Dirac models are recovered and the Pauli energy is discussed. Useful relations for the electron density in the weighted-density and gradient approximations are derived. PACS number(s): 31. 20.Sy, 71.10.+x, 05.30.Fk 
I. INTRODUCTION
The development and improvement of approximations to energy functionals have been major subjects of research in density-functional theory [1] . Nevertheless, the exact form of the kinetic, the exchange, and the correlation energy functionals is still unknown. For development of approximations, exact relations and criteria that are fulfilled by the exact functionals are of great help. Recently, Levy [2] showed that coordinate scaling is a powerful tool in constructing new approximate functionals. In a previous paper, exact hierarchies of equations [3] have been derived for the density-functional theory. Here, hierarchies of equations are presented for the Legendre transforms of the energy functionals. These hierarchies of equations for the energy functionals are also criteria to be fulfilled by the functionals. These equations can be applied to construct new functionals.
The main results of this paper are as follows: the first, 5n (r& ) 3n +r.Vn = -dr u (r )(2+r V ) 5u"(r )5v"(r, ) (6) and higher-order equations of the hierarchy for the Legendre transform of the exchange energy functional.
n, v, and T are the electron density, the exchange potential, and the kinetic energy, respectively. Moreover, u (r)=v(r) p-(4+r V+r, Vi) 5u(r, ) 5 n(r~) = -f drzu(r2)(1+r2. V2)5 n(r2), (4) 5u (r )5u (r, ) the second, u(r )=ups(r) -p, (5+r V+r).V)) 5u(r, ) 5 n(r2) = -f dr2u(r2)(2+r~V~) 5u(r )5u(r, ) 5 T 5u(r)5u(r, ) (2) 5n (r, ) 3n +r Vn = -f dr&(1+r V ) 5u(r ) (3) the second, and higher-order equations of the hierarchy for the Legendre transform of the total energy; the first, where v, vKs, and p are the external potential, the KohnSham potential, and the chemical potential, respectively. 5 n(r, u) 5u(r )5u(r')5u(r") n 5u(r')5u(r") n From the identity 5s(r, r '; u) 5u(r") = -s(r, r', r";u) . (14) 5n(r)5u(r)~pg5(~~/) 5u(r") 5n(r') (15) f dr "s (r, r";u)ri(r", r';n) =5(r r');- (16) s r, r'gr' r'= -n r (17) with the definition of the local hardness: g(r)= -f q(r, r')n(r')dr' . (21) 
The second functional derivate of 0 can be given by the so-called softness kernel s ( r, r '; u ) [5] T and V"are the kinetic and the electron-electron energy functionals of the electron density n. Let us consider 0 defined as the functional Legendre transform of F[n]:
The functional derivative of 0 with respect to u yields the density Applying this operation to the density n and the functional 0, we get
Another application of Eq. (21) to Eq. (23) gives the glo-
5n(r;u) = -s r, r';u 5u (r )5u (r') n 5u (r') and the third functional derivative is (13) BQ dr dr's(r, r')= -= -S = -- (24) B% (27) ( 36) and f (r) is the Fukui function. Equations (7) and (26) lead to or with Eq. (13) 5s(r, r, )+(r.V+r~.V&)s(r, r&)
gives the well-known relation between the local softness s(r), the global softness S, and the Fukui function f (r ) [6, 7] :
6 T 5u(r)5u(r, ) = -f dr2u(r2)(2+r~V2)s(r, r"r2)
III. HIERARCHY OF EQUATIONS FOR THE LEGENDRE OF TRANSFORM OF THE TOTAL ENERGY FUNCTIONAL
The starting point of the derivation of the hierarchy equations is the virial relation of Levy and Perdew [8] :
5n(r ) (32) follows. Taking the gradient of the equation we arrive at From the Hohenberg-Kohn theorem, the Euler-Lagrange equation
IV. HIERARCHY OF EQUATIONS FOR THE LEGENDRE TRANSFORM OF THE KINETIC ENERGY FUNCTIONAL
The first hierarchy of equations for the noninteracting kinetic energy was derived by Kugler [10] . The noninteracting kinetic energy can be written as a virial relation:
where v Ks is the Kohn-Sham potential. The EulerLagrange equation can also be written as Further derivation will lead to the higher-order equations of the hierarchy. In passing we remark that Parr and Ga, zquez [9] called the negative of 0 the hardness functional. However, the hardness functional is a functional of the density, whereas 0 is a functional of u.
Using Eqs. (11) and (33), the Levy-Perdew relation has the form
or after partially integrating the right-hand side of this equation, = -f drqv", (rq)(2+r2 V2)s",(r, r"r2)
is the noninteracting kinetic softness kernel. The Levy-Perdew relation for the exchange-correlation energy has the form [8] 5u",(r )5u",(r, ) 6P", 5v",(r )5u",(r, )5u",(r, )
Higher-order equations can also be derived.
VL HIERARCHY OF EQUATIONS FOR THE LEGENDRE TRANSFORM
OF THE EXCHANGE
To derive the hierarchy equations for the exchange energy, we rewrite the Levy-Perdew relation [8] for the ex- Since then, several studies have been published on this subject (see, e.g. , [16 -26] -
P=E -E, +J, 
